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A method of determining control coefficients and pseudo-first-order kinetic parame-
ters is presented for cell growth, substrate consumption, and product formation in a
chemostat bioreactor. From the equations that relate the control coefficients to process
variables, such as feed concentrations of the limiting substrate and the product of inter-
est, a perturbation method is developed to determine control coefficients from steady-
state measurements. This method combined with the transient response analysis pro-
vides a practical way for determining control coefficients and estimating kinetic proper-
ties in chemostat bioreactor systems. To determine the kinetic parameters, one measures
cell mass, concentrations of the limiting substrate and the product of interest following a
step change in the feed concentration until the system reaches a new steady state. The
time courses of these variables are processed to obtain control coefficients, which yield
the pseudo-first-order kinetic constants for cell growth, substrate consumption, and
product formation. Only steady-state responses are needed in calculation, if a step change
in cell concentration in the feed stream can also be introduced without significantly
perturbing cell physiology. This method is useful in characterizing the kinetics of whole
cell bioreactions: results from chemostat experiments can be used to design operating
strategies for batch or fed-batch bioreactions. It is generally applicable to continuous-

Extension of Metabolic Control Analysis to

stir-tank reactors with interacting parallel reactions.

Introduction

In the past two decades, quantitative approaches, such as
metabolic control analysis (MCA) (Kacser and Burns, 1973;
Heinrich and Rapoport, 1974) and biochemical systems the-
ory (Savageau, 1976), have evolved for analyzing the control
of metabolic systems. In the context of MCA, emphasis has
been on the use of control coefficients as a measure of con-
trol strength. These control coefficients are specialized sensi-
tivity coefficients, defined as the (normalized) partial deriva-
tive of a system response with respect to the activity (or rate)
of a reaction step. They are internally related by some con-
straints that depend only on the stoichiometry, which have
been termed the structural properties of the control coeffi-
cients (Reder, 1988). The control coefficients are typically
used to pinpoint the controlling steps in intracellular
metabolic systems. Although there have been some efforts to
apply MCA in bioreactor systems (Westerhoff et al., 1991;
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Small, 1994), the potential of MCA applied to bioreactor sys-
tems has not been fully exploited. In this study, we extend
the analysis to continuous bioreactor systems that have a
steady state. Instead of determining the rate-controlling steps,
our objective is to develop an experimental method to extract
macroscopic kinetic properties via control coefficients.
Kinetics of bacterial or cell cultures play an important role
in the design and optimization of bioreaction processes. With
this information, one can better design medium formulation,
feeding rates, and operating strategies. However, obtaining
detailed kinetic parameters requires extensive experimenta-
tion and the functional form of the kinetic rate expressions.
For example, one can measure the initial rates in batch cul-
tures under various conditions, or measure the steady-state
rates of continuous cultures at different steady states. This
information can then be used to estimate Kinetic parameters
with a postulated kinetic expression. Alternatively, one can
estimate kinetic parameters directly from transient experi-
ments in either batch or continuous cultures with given ki-
netic functions. However, such estimation is sensitive to ex-
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perimental errors, and results may be easily corrupted as the
number of parameters increases.

Instead of determining the kinetic parameters directly, we
propose to determine the control coefficients from which the
pseudo-first-order kinetic constants (elasticity coefficients)
can be calculated. This approach avoids problems when some
of the kinetic parameters cannot be determined accurately.
Control coefficients help to identify steps that are unimpor-
tant to the system response of interest. Reaction steps that
have relatively small control coefficients can be ignored or
lumped, since they have relatively small impact on overall re-
sponse (Delgado and Liao, 1995). Our group has developed a
dynamic approach to determine the control coefficients from
transient data (Delgado and Liao, 1992a,b). This approach

employs a linear approximation of the kinetics around the

steady state, and thus results may be misleading for systems
with highly nonlinear kinetics. In this study, we derive equa-
tions which relate the control coefficients to process vari-
ables. From these equations, we develop a perturbation
method for determining the control coefficients from steady-
state measurements, and the results are less sensitive to non-
linearity. The combination of these two approaches provides
a practical way for determining control coefficients and esti-
mating kinetic properties in chemostat bioreactor systems.

Following a brief introduction of terminology, the control
and elasticity coefficients, and their properties used in this
study, the relationships are derived between the control coef-
ficients and process variables with the objective to determine
control coefficients from simple experiments. Derivations of
equations are discussed in the Appendices for clarity and
continuity. The utility of these relationships is discussed in
the examples that follow the equations.

Metabolic Control Analysis

MCA was conceived for studying metabolic networks with
arbitrary pathway structures such as

X3
1/2/‘ \V4
vy X V3 X Vs

Scheme 1

in which X, denotes the ith metabolite and »; is the flux
through the jth reaction step. MCA aims to characterize the
sensitivity of steady-state metabolic responses with respect to
changes in enzyme activities or parameters without use of full
mathematical models (for reviews, see Kell and Westerhoff,
1986; Fell, 1992; Liao and Delgado, 1993). The analysis is
based on a set of sensitivity coefficients known as control and
elasticity coefficients; these determine how changes in a sys-
tem parameter or variable affect a steady-state response.

Control coefficients

The control coefficients and other similar terms were de-
fined by Savageau (1971), Kacser and Burns (1973), and
Heinrich and Rapoport (1974). If the system has a unique
and stable steady state, one can define the (normalized) flux
control coefficient as

AIChE Journal

May 1996 Vol. 42, No. 5

—1
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$5 35

or the simple (nonnormalized) flux control coefficient as

A AN
= 76, || 36, = ;;J- i,j=1,...,r (1b)
§s 55

where v; is the rate function of step j, J; is the steady-state
rate of the ith reaction, ¢, is a parameter affecting v;, and r
is the number of reaction steps in the system. Note that for
simplicity it was assumed that 6; affects only v; and no other
reaction rate. Although such parameters may not exist in the
actual system, one can always define them to aid the deriva-
tions. Most commonly, the flux control coefficients are used
to define the rate-controlling steps by quantifying the change
of steady-state flux per unit change of the rate function of
the specific step. The usual form of the control coefficients is
normalized by the steady-state values (Eq. 1a). We chose,
however, to use the non-normalized form (Eq. 1b) because of
its convenience in our analysis. The above control coeffi-
cients are the ~type control coefficient defined in Liao and
Delgado (1993) because the partial derivative is taken with
respect to the rate of a reaction step, rather than the enzyme
concentration. If the partial derivative is taken with respect
to an adjustable parameter, it is generally called the response
coefficient. The distinction between the i~type control and
other coefficients is important, because the 1~type control co-
efficients are related by a set of structural properties which
are useful in both theoretical derivation and experimental

determination of these values. The definition of control coef-
ficients has been discussed by many researchers (Fell, 1992;

Schuster and Heinrich, 1992; Liao and Delgado, 1993).
Similar to Eq. 1, the (normalized) metabolite concentration
control coefficients are defined as

co v; [ da; \ [ 9y, ! d1n g
g\ o0 J\o6 )\l )

i=1,...,m; j=1,...,r (2a)

in which o; is the steady-state metabolite concentration of
metabolite X, ; is the reaction rate of step j, and m is the
number of internal metabolites in the reaction network, that
is, without counting external substrates and products. Simi-

larly, the non-normalized form of these control coefficients is

I"j* =] — — = | —
a0 J\ oo | \am |

i=1,...,m; j=1,...,r (2b)

We have again assumed that 6, affects »; only.

Elasticity coefficients

The elasticity coefficients express how the rate of a reac-
tion in isolation responds to a perturbation in an effector
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metabolite. The normalized and nonnormalized forms of
elasticity coefficients have been defined (Kacser and Burns,
1973; Burns et al., 1985; Reder, 1988) as

o Xi ﬁ _ dln vy,
o\ ax; dln x;
55 RRY

and

.., r (3a)

. <9Vj ) .
E/= r i=1,....,m; j=1,...,r (3b)
i 5s

respectively, in which x; is an effector metabolite that changes

the reaction rate v;.

Structural properties of control coefficients

The structural approach to MCA by Reder (1988) provides
a general framework to derive relationships among the con-
trol coefficients and elasticity coefficients. The method leads
to a comprehensive characterization of the control coeffi-
cients and to generalized relationships between them, com-
monly known as the summation and connectivity theorems.
The structural properties depend only on the stoichiometry,
not on the functional form of the reaction kinetics. To sim-
plify the mathematical treatment, all the control and elastic-
ity coefficients in the derivations are nonnormalized: they are
defined in terms of simple partial derivatives.

If we consider a biochemical system formed by m metabo-
lites linked by r reactions, the metabolite concentrations, re-
action rates, and stoichiometry are related by

i Ni €Y
B V)

dt

in which x is a (m X 1) concentration vector, v is a (r X 1)
reaction rate vector, ¢ is time, and N (m X r) is the stoichio-
metric matrix in which the element of the ith row and jth
column is the stoichiometric coefficient of metabolite i in re-
action j. If the system has a steady or quasi-steady state, the
flux and metabolite control coefficients have the following
properties

ZK=K )
I'K=0 6)

in which the columns of K (r X m) contains a basis for the
kernel of the stoichiometric matrix N, such that NK =0, and
Z (rxr)and ' (m X r) are matrices whose elements are the
flux and the metabolite concentration control coefficients de-
fined in Egs. 1b and 2b, respectively. Note that these equa-
tions are valid for any reaction system that can be described
by Eq. 4 and has a stable, steady or quasi-steady state. The
matrix K can be easily determined analytically by solving a
system of linear equations or numerically with computer as-
sisted algebra software (such as Mathematica, Maple, or
Matlab). Other structural properties exist, but are not used in
the following derivations. It is straightforward to express the

1456

May 1996 Vol. 42, No. 5

Sy by by

Vl< -
'
=}
o

sbp
- ’

Figure 1. Continuous bioreactor system and equivalent
reaction scheme.

by, and p, are the feed concentrations, and s, b, p are

tﬁe outlet concentranons The reaction rates »; (i=1, ...,

6) and their relationship to the concentrations of S, B, and
P are defined in Eqgs. 8a to 8f.

above relationships in terms of normalized control coeffi-
cients using the non-normalized coefficients (Reder, 1988).

Application of MCA to Chemostat Bioreactors

The simplest chemostat bioreactor can be analyzed in terms
of three components, substrate (5), biomass (B), and product
(P), and we denote their concentrations by s, b, and p, re-
spectively (see Figure 1). We assume that the system is per-
fectly mixed such that the system compositions are identical
to that of the outlet stream; S bf, and Dy are the concentra-
tions of substrate, biomass, and product in the feed, respec-
tively, and D is the dilution rate, which is defined as the ratio
of the feed volumetric flow rate to the system volume. The
system is modeled by the set of differential equations

ds
d——(sf—s)D Q.b (7a)
db
—==(b=b)D+pb (7b)
dp
d—=—(p—pf)D+Qpb (7o)

Equations 7a to 7c account for the material balances of sub-
strate, biomass, and the product, respectively. Also, w is the
specific growth rate, and Q; and @, are the specific rates of
substrate consumption and product formation, respectively.
To apply MCA, we rewrite the system into a pathway form
with three paralle] reactions, in which the flow, generation
and consumption rates are defined as (see Figure 1)

vy =(s; —s)D (8a)
vy =(b—b)D (8b)
vy=(p—ps)D (8¢)
vy =0b (8d)

= ub (8e)
ve=0,b (8D
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To parallel the terminology in MCA, S, B, and P will be
referred to as “metabolites,” v; will be called “fluxes,” and
the steady state of »; will be denoted J,. Although each flux
is determined by intracellular enzyme kinetics, it is common,
as a first approximation, to express the apparent kinetics in
terms of extracellular variables s, b, and p. Therefore, we
can treat the chemostat system as a set of parallel reactions
as shown in Figure 1, without concern of the intracellular
variables. In general, these reactions interact with each other
because their rates are influenced commonly by s, b, p, and
operating parameters.

Determination of Control Coefficients

According to the equivalent reaction scheme we postulate
in Figure 1, N and K matrices in Egs. 4-6 are given by

1 0 0 -1 0 0
N=[0 -1 0 0 1 0 (C))
60 0 -1 0 0 1

and

1o

OO OO =
O OO - O
OO OO

where the rows of N correspond to S, B, P, and the ith
column corresponds to v, The matrices of control coeffi-
cients Z and T have dimensions of (6 X 6) and (3X6), respec-
tively, and their elements are related by Eqs. 5 and 6 as

Z '+ Zi=1 Z}+Z}=0 Z}+Z}=0

ZY+Zi=0 Z2+2Z2=1 Z3+2Z3=0

Zi+Z =0 Z2+Z2}=0 Z3+Z}=1 av
and

IF+I5=0 TE+rf=0 TP+TF=0

F+T5=0 T2+Tf=0 IP+Tf=0

[$+I5=0 TP+TP=0 If+If7=0 (12)

Note that J,, Js, and Jg, are equal to J,, J, and J; respec-
tively, because of the chemostat material balances. Thus, the
control coefficients for J,, Js5, and Jg, are identical to those
of J,, J,, and J;. These constraints reduce the number of
control coefficients that need to be determined. Instead of
estimating 36 flux control coefficients and 18 metabolite con-
centration control coefficients in matrices Z and I', we now
need to determine only nine flux (Z} with i, j=1, 2, and 3)
and nine metabolite concentration (I;” with m=S§, B and
P, and i =1, 2, and 3) control coefficients.
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Dynamic approach to MCA

Conventional approaches for determining the control coef-
ficients require the knowledge of the reaction kinetics. How-
ever, these kinetics are not always available or easily measur-
able. The dynamic approach (Delgado and Liao, 1991,
1992a,b; Liao and Delgado, 1992) circumvents this problem
by using linear approximation around the steady state and
transient metabolite data to determine the control coeffi-
cients. It was shown that the transient metabolite concentra-
tions do not vary freely, but are constrained as the system
moves towards the steady state. To derive such a relationship
we begin from the following equation (Delgado and Liao,
1992a), which assumes local linearity around the steady state

Zv=J (13)

where v is the r X1 transient flux vector and J is the r X1
steady-state flux vector. Substituting Eq. 11 into the above
equation, we obtain

Ziv v+ Z (v, — v)+ ZH vy — v) = (U, — )
ZHv = v+ Z2(vy— v) + Z2 vy — vg) = (J, — vs)

Z¥ v~ v+ Z3 vy — v )+ Z3(vs— vg) = (J3— vs) (14)

The evaluation of v, vs, and vg in the transient state in-
volves numerical differentiation of the transient metabolite
concentrations, and results will be sensitive to experimental
errors. To avoid this problem, we integrate both sides of the
above expressions with respect to time and obtain an integral
form of Eq. 14

F ¢ ds T
/15; t [_]1(t—t0)—/thbdt
zt 7oz ", 0
z2 z2 z2|| - t-‘;,—t =| Ll —t)- [ bar
I, t
z} 73} 73 ‘ i t“
t
~- [ =4 It —1y) — bdt
j;o dt * ¢ '/t.OQp
(15)
zi z 73 5= 5
le z2 Z% —(b—by)

z3 z3 zZ3 || -(p—po)

¢ ds ]
D(sp— s, )t~ tO)+f Z —(s;—s)Dat
‘o

db
| =D~ bt~ [ — +(b-bpDdt | (16)
to

~D(p, - )(t~—t)—/tie+( — p;)Ddt
pf Dss 0 s dt b pf

or
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zl zi 2| s-s
z} z3 zi|| -(b-by

D(s=s5,)t—tg)+ (s=s,) + [ (s=5,)Dat
to

- —D(bf—bss)(t—to)—(b—-bo)—ft(b—bf)Ddt an
fy

—D{(p;—p,)t—t,) —(p—p,) "ft (p—py)Ddt
o

L .

where sq, by, and p, are initial substrate, biomass, and prod-
uct concentrations, respectively, s, by, and pg are the
steady-state values of S, B and P, respectively, and ¢, is the
initial time. Thus, one can measure the concentrations of S,
B and P as a function of time after a perturbation and use
linear regression according to Eq. 17 to estimate control co-
efficients (Z;' with i, j=1, 2, and 3). The transient data of s,
b and p are used as regressors and the righthand side of Eq.
17 as dependent variables. Although sophisticated numerical
integration algorithms are available, the trapezoidal rule is
adequate for the integral term in the above equation. Al-
though it may be possible to develop an optimal perturbation
to minimize effects of measurement error or nonlinearity,
such investigation is beyond the scope of this article.

Similarly, a relationship between the transient metabolites
concentrations and the metabolite concentration control co-
efficients can be derived based on

Frv=0-x (18)

which is the version of Eq. 13 for the metabolite concentra-
tion control coefficients (Delgado and Liao, 1992b). Follow-
ing a procedure that parallels that used to derive Eq. 17 we
obtain

j;t(sss —s)dt

s rs r s — 8, ’
t

T2 T2 8| ~b=by) |=| [(b—b)dt | (19)
t

rf rf ||l -(p-py ’

ft(Pss—p)dt
fy

Therefore, by use of the transient data of s, b, and p, one
can estimate I/* (m=3S, B and P, and i=1, 2, and 3) via
linear regression. In the chemostat system, the metabolite
concentration control coefficients can also be calculated di-
rectly from the flux control coefficients and the dilution rate.
The equation for this calculation will be discussed shortly.

Example 1. Consider a system described by Egs. 7a to 7c
having the following kinetic expressions
UnaxS/K
o —omer/Rs 20)
1+ s/K,+ p/Kp
QS = as #’ + Bs (21)
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Figure 2. Transient response for the dynamic system
used in the examples.

Symbols are: biomass, b X 3 (M), substrate, s X 1.5 (@); and
product, p (a). The system was perturbed from its original
steady state, s = 18.65; b, = 8.65; and p, = 28.64 by
changing the input substrate concentration sy from 50 to 45;
bs and py are zero, and the dilution rate D is 0.8. The new
steady state is s, = 16.84; b, = 7.77; p,, = 25.74.

Qp = apl“l‘ + ﬁp (22)

where U, =4, K¢=3, Kp=12, a,=3, B,=05, a, = 2.5,
and B, = 0.65. Initially, the system is allowed to reach a steady
state with the following parameter values: D = 0.8, 5, =150,
by =0, and p, = 0. To determine the control coefficients us-
ing the transient data, we perturb the system by decreasing s,
to 45. The concentrations of S, B, and P are then measured
periodically; the simulated experimental results are shown in
Figure 2. The transient data between ¢t =0 and ¢ = 6 are then
used in linear regressions according to Eqs. 17 and 19. The
control coefficients estimated from these regressions are

Z 7z 061 -148 036
z} z; 73 =[017 -027 011 (23)
z oz ozz| 1051 -165 ox

and
by T 049 184 —045
r? 12 TP =021 -159 0.13| @4
FlP 1'*2P F:;P - cutated 0 7]. - 207 - 083

These control coefficients agree reasonably well with the ex-
act values determined from the numerical solution (Cara-
cotsios and Stewart, 1985) using all the known kinetic param-
eters

1 1 1
Zy 2y 4 064 —1.63 040
z2 72 72| =|o018 -028 0.11]| (25

exact
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and

SO E R ] 045 203 —050
g v rg =1022 -160 0.14| (6
Flp r2p F:f 073 -216 -080

exact

Because this approach relies on the linear approximation of
the rate laws around the steady state, it is sensitive to nonlin-
earity. The fitness of Egs. 17 and 19 depends on the size of
perturbation. Residual plots (plots of the normalized differ-
ences between the measured and estimated independent
variable used in the regression) can be used to judge the con-
fidence level of the control coefficients estimated.
Steady-State Perturbation Approach. To improve the esti-
mates of the control coefficients, we develop another
methodology based on measurements of steady-state pertur-
bations only. This method takes advantage of the operating
variables s;, by, and py, which act only on v, v,, and s,
respectively. Thus, we can write the control coefficients as

NEATERE
Zj= -—é‘M- '0,’—]‘7 27
7 7
and
I ( i )( 2 )_1 (28)
17\ oM, [\ oM,

where M; denotes a manipulated parameter that only affects
v;. Here, My=s;, M, =b;, and M;=p,. It is important to
note that Eqs. 27 and 28 are equivalent to Eqs. 1 and 2, re-
spectively; the use of M; instead of 6, is to stress the fact
that the parameter that affects v; is a manipulated variable
as opposed to 6;, which is arbitrary.

Following the above definition of the flux control coeffi-
cients, one can derive the following equations

as as as

= 55 55 Ry
F)
21 Zl Zl 8Sf ﬁbf pf
i; i 32 b, ) db,, db,,
Zi 22 Zy|=| T b, apy
z; 73 Z3
0pSS _apss 1__‘9pss
3s¢ oby aps
—1 ASSS Asss ASSS W
As,  Ab, Ap;
Ab Ab, Ab
- Eoo-—= = 9
Asy Aby Apy
Ap,  Ap, . Aps
| As; Aby Ap,
and
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38, s, asg, |
05 oS s 95y db; ps
; ZB ; 1 t9b” 6b:s abss
rlp sz 51D o5y b opg
rf rf rf op op op
§5 ss 55
Isg ab; Ips
[ As, Asg, Asg,
As; Ab; Ap;
. 1 Abss _ Abss _ Abss
bl s, " Ab, T ap | GO
Ap,,  Apy,  Apy
As Ab A
| & f Pr J

The above equations allow one to determine the control co-
efficients with simple steady-state perturbations. The de-
tailed derivations are shown in Appendix A. To obtain the
flux control coefficients, one needs to conduct three step
changes in s;, by, and p,, each at a time, while keeping the
rest of the operating conditions constant. One then takes the
ratio of the changes in the metabolite steady states to the
magnitudes of perturbations to calculate the flux control co-
efficients, This method offers a better estimation because it
does not depend on linear approximation of the kinetic rate
laws. It does, however, assume local linearity in s, b, and
pys With respect 10 sg, by, and p; to determine the partial
derivatives in the above equations. This method also offers
simplicity by eliminating transient samplings as compared to
the dynamic approach.

However, perturbations in b, may be difficult to produce
in practice, because they may involve cell recycle, which may
alter the physiological state of the cells. In the process of
removing the cells from the culture and reinjecting to the
bioreactor, the cells may undergo significant physiological
changes due to local limitation of oxygen and substrates. To

~ circumvent this problem, we propose to combine the dynamic

approach and the steady-state perturbation method to deter-
mine the control coefficients. Instead of conducting three
perturbations, we now carry out two separate perturbations
of s, and p; to obtain transient data and steady-state values
for analysis. The first and third columns of matrices Z and T
in Egs. 29 and 30 are obtained using the perturbed steady-
state approach. The second column, on the other hand, can
be obtained by the dynamic approach.

Example 2. Here we use the steady-state perturbation and
the combined approach methods to determine the control co-
efficients for system described in Example 1. As discussed
above, the initial steady state is achieved with D =0.8, s; =
45, by =0, and p,; = 0. We now perform the following pertur-
bations: (1) increase s; to 50; (2) increase b; to 0.8; and 3)
increase p; to 2.6. The steady states corresponding to these
perturbations are shown in Table 1. The flux and metabolite
concentration control coefficients are then calculated accord-
ing to Eqs. 29 and 30
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Table 1. Results of Steady-State Perturbations in Example 2

Steady State
New
Int. sp =50 by =08 pr=26
S5y 16.84 18.65 15.66 17.87
b, 7.77 8.65 8.76 7.48
Pis 25.74 28.64 27.00 27.39
zZi Z: Zs 0.64 —148 040
z? 72 7% =]018 -024 011 (3D
22 7 73 . 058 —1.58 0.37
and
A 045 185 -050
rg v# rf =1023 -1.55 0.14 1 (32)
. —1. -0.7
F]P FZP r3p calculated 0 73 98 0 9

These values agree very well with the exact solution shown in
Eqgs. 25 and 26.

As discussed above, we can use the combined approach to
circumvent the perturbation of b;. To do so, we perform two
perturbations: increase s, to 50 and increase p; to 2.6. The
concentrations of S, B, and P are then measured as a func-
tion of time. The steady-state values are used to calculate the
first and third columns of the Z and T’ matrix in Egs. 29 and
30. The second column is estimated from linear regression of
the transient data from the s, perturbation using Egs. 17 and
19 and the coefficients calculated from the steady-state per-
turbations. The resulting control coefficients are

zi 2, Z 064 —154 0.40
z: 7% 72 =018 =026 0.11]| (33)
z oz oz 058 —1.73 037

and
Py o 045 193 —050
rg r2 r2 =023 -158 014 | 39
FlP I-'ZP 1-‘31’ leutated 0,73 - 2.16 - 079

Note that the only assumption made in the steady-state per-
turbation approach is the finite difference approximation to
the partial derivatives in Egs. 29 and 30. In this example, the
approximation works very well, because the relationships be-
tween steady-state concentrations of S, B and P and feed
concentrations are almost linear. These linear relationships
will vanish when the growth kinetics are highly nonlinear.
Determination of Elasticity Coefficients. Reder (1988) de-
rived relationships that enable the calculation of elasticity co-
efficients from control coefficients. For this system, N is of
maximal rank and these relationships can be expressed as
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ET=Z-1I (35)

in which I is the (6 X 6) identity matrix, and E is the matrix
of the elasticity coefficients, defined in Eq. 3b. This equation
enables the calculation of the elasticity coefficients from the
control coefficients for systems in which N is of full rank. To
tailor the equation for the bioreactor system, we partition the
above equation as

E,
E,

where all the submatrices are (3x3). From the structure of
the continuous bioreactor, we have

4

zZ, Z
[T, r,]=[Z: Z’]—IG (36)

[ v,  av, Iy ]
o  ob  dp
dvy, v, v,
s ob  dp
dvy  Jvy  dvy

9s b dp

=
I

-D 0 0
=10 D 0 37D
0 0 D

From Eq. 36, we have

[ v, oy, A

as 9b 5
Jdvs dvs Jvs
os b ap
dvg  Oyg Vg

as b ap

by
(5]
If

=Z,Iy! (38)

Note that Z, = Z,, which can be determined by the use of
the approaches described above (Egs. 17 or 29). From the
above equation, we see that the accuracy of elasticity coeffi-
cients relies on the accuracy of the control coefficients deter-
mined. These elasticity coefficients can then be used to calcu-
late the pseudo-first-order kinetic constants for the specific
rates of growth, substrate consumption, and product forma-
tion. The equations for these calculations are summarized in
Table 2. From Eq. 36, we also obtain

r,=E;NZ,-I,) (39)

This equation can be used in conjunction with the dilution
rate (Eq. 35) to calculate the metabolite concentration con-
trol coefficients from the flux control coefficients.

Example 3. 'We continue to consider the system discussed
in Examples 1 and 2. Now that the flux and the metabolite
concentration control coefficients have been calculated, the
elasticity coefficients can be determined from Eg. 38 as
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Table 2. Equations for Calculating Pseudo-First-Order Constants of the Specific Rates (Q,, Q,, and p) from

Elasticity Coefficients™
a0, _ i fl’i o 1 dvs i@, 1 dve
s —b” s E;zb_”_ as “E; as
(9_Q‘=_1_(_a_yi Q) ) i"i___i s _ f&:_l_ s —(
9b b, \ab = sb b, \ ab ””) ab b, ( ), )
o0, B i _a_vi o 1 dvs d0p 1 dug
op by op p by op ap b, p

*All partial derivatives are evaluated at the steady state.

vy ay, av,
as ab op
dvs  dvs  dvs

= —— _— — = -1
E Js db  dp Zsh
dvg vy OV,
L as ob ap
0.89 290 -—0.55
=030 0.80 -0.18 (40)
074 2.65 —0.46 5.
[0.84 253 -0.47]
E,={028 0.72 -0.17 (41)
_071 2.39 —-0.40 _J Example 1
1097 290 -0.61]
E,=~|033 081 -021 42)
L080 2.64 -0.52 {Example 2

These values are then used in equations in Table 2 to calcu-
late the pseudo-first-order kinetic constants (Table 3), which
agree well with the exact values determined from the known
kinetics. Therefore, the effects of s, b, and p on the culture
kinetics are determined.

Effect of Measurement Noise. In general, if random error
exists, steady-state measurements must be checked repeat-
edly to ensure that the system actually reaches the steady
state. One can then use the average of the measurements in
the calculations. Therefore, the steady-state perturbation ap-
proach will not be corrupted much by random noise. On the
other hand, the dynamic approach is more sensitive to ran-
dom noise and the error in the calculation of control coeffi-
cients will propagate to the elasticity coefficients and the
pseudo-first-order constants of the specific rates. The combi-
nation of the steady-state perturbation and dynamic methods
greatly reduces the sensitivity to random noise in the estima-
tion of the control coefficients. Table 4 shows the results of
the pseudo-first-order constants of the system discussed in
Examples 1 and 2 calculated by using the combined steady-
state perturbation and dynamic approaches. The measure-
ments were corrupted by 0%, 20%, and 50% random noise
normalized to the size of steady-state perturbation. In this
case, random error up to 50% still yielded reasonable results
for practical purposes. In the calculation of metabolite con-
centration control coefficients using corrupted transient data,
we found that Eq. 39 often gives better results than Eq. 18,
because the former is less sensitive to error.
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Improving Operating Conditions. The main operating vari-
ables in bioreactor systems are the feed concentrations of S,
B, and P, and the dilution rate. To improve the product out-
put, one would like to know the effect of the feed and dilu-
tion rate on the output variables of interest, that is,
(p,,/IM),, and (3J,/0M),,, in which M stands for s;, p;,
bs, or D. With this information, one can then improve the
bioreactor performance by increasing or decreasing these op-
erating variables, The partial derivatives with respect to the
feed concentrations can be obtained experimentally as dis-
cussed above and they are related to the control coefficients
by Egs. 29 and 30. The partial derivatives with respect to D
can be calculated by use of the following equations

aJ4 1 5 5 5
793 ='B' (J]Zl +JZZZ+J3Z3) (43)
apss 1 P P P
e I A AR AEP (44)

These equations are a direct consequence of the general defi-
nition of the control matrices and can also be derived by use

Table 3. Pseudo-First-Order Constants for Specific Rates in

Example 3*
Exact Solution
30 J
S 011 & 004 % 10
aaQs &s o"aQs
5 (ad
=0.00 — =0.00 —L =0
aé) b ap 000
I n aQ
L= 007 — = —0.02 —L£ =006
ap op dp
Dynamic Approach
0 3 3
- 011 2 004 72 _o0
0 0 0
aQ, I d
=—0.05 — =—-0.01 —Z - .
p Qb 5= 0 = 0.03
ad 9 aJ
1= —-0.06 M o —g’L=—o.05
op ap ap
Steady-State Perturbation Approach
a0 3 3
22012 2 004 %% o0
0 0 0
0Q, au J
=0.00 — =0, —Z <.
:95 ab 00 ab 0.00
aJ éa d
* = —0.08 —'f = —0.03 9 _ -007
ap ap ap

*Derivatives are evaluated at the steady state.
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Table 4. Effect of Error in Measurements on Determining

Pseudo-First-Order Constants Using the Steady-State
Perturbation Approach for Figure 2*

0% Error
a3 8, aQ
% o1 2 004 22 _0.10
as das a&Qs
TON oy )
=0. — =000 —2 =000
35 000 a5 00 (?Qb
[ 4 d
29 -0.08 00 —L =007
ap a ap
20% Error 0
8 g, g
2 _on P 004 ZXr 010
:9(5 as ';9Qs
a0 o A
— =0, —=0. —2=0.00
5~ 000 —5 = 0.00 '95
a d d
9 _ -0.07 Y\ —2 =006
ap ap ap
50% Error
3Q, d 30
2 _ 0.06 2 004 —F2 =0.09
as a8 &Qs
a0, Em a0,
— =0 — =0, —2 =000
— = 0.0 ~5 = 000 8Qb
2 ¥ a
2. _ -0.04 o om £ = -0.06
dp ap ap

*The error is normalized to the size of the steady-state differences be-
tween perturbations; derivatives are evaluated at the steady state.

of the Euler’s Theorem; the derivations are presented in Ap-
pendices B and C, respectively. Note that the righthand sides
of the above two equations include the flux and metabolite
concentration control coefficients, respectively. Therefore,
one can use the approaches discussed previously to deter-
mine the control coefficients and calculate the above quanti-
ties, which determine the direction to change D for better
reactor performance.

Effects of Growth Kinetics on Control Coefficients. Having
developed the methodologies for determining the control and
elasticity coefficients, we now characterize the effects of
growth kinetics on the control coefficients. Three cases are
considered: (1) the specific growth rate is a function of sub-
strate only u = f(s); (2) the specific growth rate is a function
of substrate and biomass concentrations p = f(s,b); and (3)
the specific growth rate is a function of substrate and product
concentrations u = f(s,p). In these cases we assume that

Q,=a,u+ B, (45)
O, =a,utp, (46)

By solving analytically the steady-state values of s, b, and p,
and with Eqs. 27 and 28, we obtain the properties summa-
rized in Table 5. Note that the control coefficients with re-
spect to v; (Z4, i=1, ..., 6) are all equal to zero if the
product does not affect the specific growth rate. If the spe-
cific growth rate is a function of the limiting substrate only,
the flux control coefficient Z] is equal to unity. This result
holds regardless of any activating or inhibitory effects of the
limiting substrate on the specific growth rate. Moreover, le
and Z} are equal to the biomass yield and product yield,
respectively. If the specific growth rate is a function of s and

1462 May 1996 Vol. 42, No. 5

Table 5. Influence of Growth Kinetics on Flux Control

Coefficients*
Case 2 Case 3
Case 1 I-sz(s,b) l"=f(s;p)
w=f(s) b- b+ p- p+
z! =1 <1 >1 <1 >1
le _ by, bys by, < by, by,
S Sss S Sss SFSss SF=Sss S5 Sss
Z]3 _ Pss < Pss N Pss < Pss > Pss
S Sss S Sss S 8ss S Sss S Sss
Zé =0 =0 =0 >1 <1
i=1,2,3

*Case 1: p is a function of s only; Case 2: p is a function of s and b;
Case 3: u is a function of s and p. The specific rates of substrate con-
sumption and production formation take the form of Eqs. 45 and 46.
The negative and positive signs beside b and p denote inhijbition and
activation, respectively.

b, where the biomass concentration may either inhibit or acti-
vate the cell growth, then the control coefficients (Z], ZZ,
and Z3) will be less or greater than case (1), respectively.
Similarly, if the specific growth rate is affected by the prod-
uct concentration, the control coefficients (Z}, ZZ, and Z})
will be less than or greater than case (1), depending on
whether the product inhibits or activates the cell growth.
Moreover, the control coefficients with respect to v, will be
nonzero: they will be greater than zero when product inhibi-
tion exists, and less than zero when the product enhances cell
growth. These results are valid if O and @, are described by
Egs. 45 and 46; they provide qualitative insights regarding
the effects of growth kinetics on the control coefficients.

Discussion

The results presented here extend MCA to chemostat
bioreactors. In addition to determining the rate-controlling
steps, we found that the control coefficients are useful in es-
timating the pseudo-first-order kinetic constants. We devel-
oped two approaches for determining kinetic parameters in
chemostat bioreactors using simple experiments. The dy-
namic approach requires the measurements of transient data
(s, b, and p) following a perturbation. This approach is based
on a linear approximation of kinetics around the steady state,
and the results are relatively sensitive to nonlinearity. To im-
prove the estimation of control coefficients, we developed a
steady-state perturbation method, which requires the mea-
surements of steady states only. This method is less sensitive
to nonlinearity and involves simpler measurements. However,
this method requires perturbations in sy, by, and py, of which
perturbing by is relatively difficult. Therefore, the combina-
tion of the dynamic and the steady-state perturbation method
is a better approach for most practical cases. The combina-
tion of the steady-state perturbation and dynamic approaches
circumvents the problem in perturbing b, and is less sensitive
to nonlinearity.

The control coefficients indicate the relative importance of
the three macroscopic processes to system responses. For ex-
ample, if the contro! coefficient Z? is dominant, increasing
the substrate uptake rate by genetic or environmental manip-
ulations may increase the production formation flux. In addi-
tion, the control coefficients also help to determine the func-
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tional dependence of the kinetic equations. Although cases
analyzed in Table 5 are restricted for systems described by
Egs. 45 and 46, more general cases can be derived in a simi-
lar way.

The contro! coefficients can also be used to calculate the
elasticity coefficients, which then give the pseudo-first-order
kinetic constants of the specific rates of growth, substrate
consumption, and product formation. These constants con-
tain useful kinetic information in design and operation of
bioreactors. They reveal quantitatively whether the specific
rates are inhibited or enhanced by s, b, or p. Such informa-
tion is traditionally obtained either quantitatively in batch ex-
periments or quantitatively and tediously in chemostat cul-
tures. The approaches described here offer a quantitative and
simple approach for determining the kinetic properties.

Although the derivation of equations is mathematically in-
tensive, the application is straightforward and is amenable to
automation. It is possible to develop an on-line perturbation
method to check the kinetic properties of the cells and to
improve the performance of the reactor. This is particularly
useful in industrial applications such as ethanol production,
where continuous cultures have been used in large scales. The
perturbation can be performed automatically and periodi-
cally to monitor and analyze the process. A large deviation of
the kinetic parameters from the standard values indicates
contamination or changes in the genetic and physiological
state. Moreover, the control coefficients calculated can be
used to improve the process performance by adjusting vari-
ables such as the dilution rate and the substrate feed concen-
tration. Although most bioreaction processes are not con-
ducted in chemostats, they can be used in the research and
development stage for kinetic studies. The results reported
here provide a theoretical basis for designing experiments and
extracting information from data.
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Appendix A: Derivation of Egs. 29 and 30

Recall that
-1
Zh = i _'?VL
Y aM; |\ oM;

in which M; denotes the manipulated parameters that affects
v; only and the derivatives are evaluated at the steady state.
In this case, M, = s;, M, = by, and M = p;. From the defini-

tion of v; (Eq. 8a), we have

(A1)

v
(-—i) =D (A2)
o?sf "
At the steady state, we have
J1=(sf—s”)D (A3)
and thus
aJ, s,
(—1) =D(1— ) (A%)
o?sf o o7sf o
Dividing Eq. A4 by Eq. A2 gives
SSS
i~ (1~ ] (A%)
‘ St ) s

The other elements in Egs. 29 and 30 are derived similarly.

Appendix B: Derivation of Egs. 43 and 44

These equations will be derived using the general defini-
tion of the control coefficients. The flux control coefficients
can be defined as (Reder, 1988)
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af Juv

—=Z— Bl
o0 " 50 (BL)

which corresponds to the matrix version of Eq. 1b in the text.
If we let @ be the dilution rate D, Eq. Bl can be written as

[ dv,
oD
aJ, éJ, aJ v
1 2 3 Z —2 (BZ)
9D oD D oD
av,
oD |
Thus, for the steady-state flux of product we obtain
d.}3 (?1/1 dv 2
— =7} —+ 273 +Z3 B3
oD ' oD oD 7} aD (B3)

Taking the derivative with respect to D in Eqs. 8a to 8c and
evaluating at the steady state, we have that

v, A
DD
v, I,
—2_p —p. ==
o0 "=
v, I
—_— — pr=— B4
oD Dss pf D ( )

Substituting into Eq. B3 we obtain Eq. 43 in the text. Equa-
tion 44 in the text can be proved following the same proce-
dure and using the definition

io av

— =T — BS
90 = 30 (B5)

for the metabolite concentration control coefficients, which is
the matrix form of Eq. 2b.

Appendix C
Derivation of Eqs. 43 and 44 using Euler’s theorem

These equations will be derived using Euler’s theorem,
which states that if

f(a,b,Ax,\y) = A*f(a,b,x,y) (cn
then
of  of
Sty (C2)

To apply this theorem, we recognize that the steady-state flux
functions are first-degree homogeneous functions (A =1) of

all the v,

.’i(AVl,AVz, Ali}, /\V4, )\VS, /\V6) = /\Ji(Vly Vo V3y Vg5 Vs V(,)

(C3)
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Therefore, we have

aJ; aJ; aJ; aJ; aJ; aJ;
vyt v, —tr;—ty—tvs—+y— | =]
avy av, ovs av, dvs dvg

(C4)

Note that increasing D by a factor of k changes v,, v,, and
v, by the same factor k. Therefore, a simultaneous change in
vy, v,, and v; can be achieved by changing D. Thus, we can
relate various fluxes to the dilution rate D as

J(AD, Avy, Avs, Avg) = AJ,(D, vy, vs, vg) (C5)
Thus,
b al, oJ; al, al, ; 6
+ tvs— +vg— | =
oD I b5 v ¥ v, !

Comparing Eq. C4 with Eq. C6, we obtain

b a7, aJi 3, aJ; ©n
D Vv, o, v,

which proves Eq. 43 in the text.

To prove Eq. 44, we recognize that the steady-state prod-
uct concentration is a zero-degree homogeneous function (k4
= () of all the reaction rates
P (Avy, Avy, Avs, Ay, Ads, Avg) = p, (v, vy, 13, 1y, s, 1)

(C8)

Therefore, we have

v —Ft v, — St vy —— vy —— t+ ¥
! ovy 2 vy 3 dvs 4 A > dvs 6 v

apss (?PSS apSS 6PSS VpSS apSS )

=0 (C9)

Using the above concept again, we can relate various fluxes
to the dilution rate D as

Pos(AD, Avy, Avs, Avg) = p, (D, v,,vs, 1)  (C10)
Thus,
d AP, J 3
D pSS+ . pS +V5 pSS+v6 pSS =0 (Cll)
aD vy dvs v
Comparing Eqgs. C4 and C6, we obtain
a §s apss a a 58
P vy Pes +v P (C12)

=y~ +
aD Uov,

which proves Eq. 44.
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